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Abstract
Using a variational approach we prove an optimal nonlinear convolution inequality. This result is then
applied to give criteria for finite-time blow-up of solutions to a nonlinear model equation in elasticity,
improving considerably upon recent blow-up results.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Convolution inequality; Blow-up; Nonlinear dispersive equation
1. Introduction
The partial differential equation⎧⎨
⎩
ut − utxx + 3uux = γ (2uxuxx + uuxxx), t > 0, x ∈ R,
u(0, x) = u0(x), x ∈ R,
u(t, x + 1) = u(t, x), t  0, x ∈ R,
(1.1)
was recently derived by Dai as a model for nonlinear dispersive waves in a circular cylindrical
rod of a compressible hyperelastic material [12]. The function u represents the radial stretch
relative to a pre-stressed state and γ is a material constant, its value ranging from −29.4760 to
3.4174 for some special materials [13].
For certain particular values of γ , we recover some well-known equations. Taking γ = 0 we
obtain the BBM-equation, which is a model for surface waves in a channel [1]. All its solutions
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by Fokas and Fuchssteiner [14] as a bi-Hamiltonian system with infinitely many conservation
laws, and later rediscovered by Camassa and Holm [2] in the context of shallow water waves
(see also [15]). For γ = 1, (1.1) arises as the equation for geodesic flow on the diffeomorphism
group of the circle—see [7,19]. Moreover, the Camassa–Holm equation is integrable [8]. The
Camassa–Holm equation is locally well-posed in Hs for s > 3/2 [18]. However, while some
solutions of the Camassa–Holm equation are global, others blow-up in finite time [3–6,18,21–
23]. This blow-up occurs in the form of wave breaking—while the solution remains bounded its
slope becomes unbounded. We would also like to point out that among the global solutions of the
Camassa–Holm equation there are stable peaked periodic traveling waves called peakons [2,10,
17]. These are not in Hs for any s > 3/2, and have to be interpreted as weak solutions of (1.1),
cf. [9]. Note that using Green’s function for the operator (1 − ∂2x ) on S,
G(x) = cosh(x − [x] − 1/2)
2 sinh(1/2)
, x ∈ R, (1.2)
where [x] denotes the integer part of x, it is possible to rewrite (1.1) as
ut + γ uux + ∂xG ∗
(
3 − γ
2
u2 + γ
2
u2x
)
= 0. (1.3)
For the special case γ = 3 it turns out that the only global solutions of Eq. (1.1) are the constant
solutions [11]. For a general γ ∈ R local well-posedness in Hs , s > 3/2, was proved in [11],
and various conditions guaranteeing finite time blow-up were given. For the Camassa–Holm
equation it is known that for initial profiles satisfying a steepness condition, the corresponding
solution has finite existence time (see [4,21] and references therein). This result was extended
to solutions of (1.1) with γ ∈ (0,3) in [11,24,25]. In this paper we will improve these blow-up
results by optimizing a certain convolution inequality. Throughout the rest of the paper we let
0 < γ < 3.
2. Preliminaries
Let H 1(S) be the real Sobolev space {f ∈ L2(S); fx ∈ L2(S)}, endowed with the inner prod-
uct
〈f,g〉H 1(S) =
∫
S
(
f (x)g(x) + fx(x)gx(x)
)
dx.
Here S = R/Z stands for the circle of unit length so that the functions are defined on [0,1], with
periodic boundary conditions.
We will need the following sharp Sobolev inequality.
Lemma 1. [21] For any f ∈ H 1(S), we have
max
x∈S
∣∣f (x)∣∣√1/2 coth(1/2)‖f ‖H 1(S). (2.1)
For any ν  0 we let Pν and Qν be the Legendre functions of the first, respectively second
kind [16]. They are analytic in the complex plane cut along (−∞,−1] ∪ [1,∞) (there are alter-
native cuts, but this is the most convenient choice for us). The following Lemma generalizes a
convolution inequality proved in [21].
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G ∗
(
3 − γ
2
u2 + γ
2
u2x
)]
(x) βu2(x), x ∈ S, (2.2)
with G given by (1.2) and β ∈ (0, (3 − γ )/2) given by
β = β(γ ) = γ cosh
2(1/2)
2 sinh(1/2)
(− ImQν(−z0) ImP ′ν(z0) + ImPν(z0) ImQ′ν(−z0))
Im[Pν(z0)Qν(−z0)] , (2.3)
where z0 = i sinh(1/2) (i being the imaginary unit) and ν(ν +1) = (3 − γ )/γ , ν > 0. Moreover,
equality holds in (2.2) if and only if u = λf (· − x) for some λ ∈ R, where
f (x) = a Pν
(−i sinh(x − [x] − 1/2))+ bQν(−i sinh(x − [x] − 1/2)),
for
a = ImQν(−z0)
Im[Pν(z0)Qν(−z0)] , b =
ImPν(z0)
Im[Pν(z0)Qν(−z0)] .
Proof. We first look at the variational problem
min
u∈H 1[0,1]
J (u),
with the constraint u(0) = u(1) = 1, where
J (u) =
1∫
0
G(x)
(
3 − γ
2
u2(x) + γ
2
u2x(x)
)
dx, u ∈ H 1[0,1].
Since J is just a weighted H 1-norm, it follows that there is a unique minimizer u ∈ H 1[0,1],
which is in fact C∞-smooth and satisfies the Euler–Lagrange equation [20] d
dx
(γG(x)u′(x)) =
(3 − γ )G(x)u(x), that is,
d
dx
(
cosh(x − 1/2)u′(x))= (3 − γ )
γ
cosh(x − 1/2)u(x).
By making the substitution u(x) = v(−i sinh(x − 1/2)), we obtain the problem
d
dz
((
1 − z2)v′(z))+ 3 − γ
γ
v(z) = 0,
with z belonging to the line segment connecting −i sinh(1/2) and i sinh(1/2) in the complex
plane. We recognize this as Legendre’s equation [16], having the linearly independent solutions
Pν(z) and Qν(z), for ν(ν + 1) = (3 − γ )/γ , ν > 0.
The solution is thus
u(x) = aPν
(−i sinh(x − 1/2))+ bQν(−i sinh(x − 1/2)),
for some a, b ∈ C. Imposing the boundary conditions is the same as requiring that[
Pν(i sinh(1/2)) Qν(i sinh(1/2))
Pν(−i sinh(1/2)) Qν(−i sinh(1/2))
][
a
b
]
=
[
1
1
]
.
From the existence and uniqueness of the solution to the minimum problem, the coefficient ma-
trix appearing in the left-hand side is invertible and we thus obtain
a = Qν(−i sinh(1/2)) − Qν(i sinh(1/2))
Pν(i sinh(1/2))Qν(−i sinh(1/2)) − Qν(i sinh(1/2))Pν(−i sinh(1/2))
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b = Pν(i sinh(1/2)) − Pν(−i sinh(1/2))
Pν(i sinh(1/2))Qν(−i sinh(1/2)) − Qν(i sinh(1/2))Pν(−i sinh(1/2)) .
Using that Pν(z) = Pν(z¯) and Qν(z) = Qν(z¯), we can write this more concisely as
a = ImQν(−i sinh(1/2))
Im[Pν(i sinh(1/2))Qν(−i sinh(1/2))]
and
b = ImPν(i sinh(1/2))
Im[Pν(i sinh(1/2))Qν(−i sinh(1/2))] .
Letting f be as in the statement, it follows by homogeneity of J and by evenness of the
function G that[
G ∗
(
3 − γ
2
u2 + γ
2
u2x
)]
(0) J (f )u2(0), u ∈ H 1(S),
with equality only for multiples of f . By translating, we see that for any u ∈ H 1(S), we have[
G ∗
(
3 − γ
2
u2 + γ
2
u2x
)]
(x) J (f )u2(x), x ∈ S,
with equality if and only if u = λf (· − x).
It turns out that it is remarkably simple to compute J (f ). Since f satisfies the Euler–Lagrange
equation, γG(x)fx(x) is a primitive function of (3 − γ )G(x)f (x). Thus
J (f ) =
1∫
0
(
3 − γ
2
G(x)f 2(x) + γ
2
G(x)f 2x (x)
)
dx
= γ
2
G(x)fx(x)f (x)
∣∣1−
0+ +
1∫
0
(
3 − γ
2
G(x)f 2(x) − 3 − γ
2
G(x)f 2(x)
)
dx
= γ
2
G(0)
(
fx(1−) − fx(0+)
)
= γG(0) cosh(1/2)(a ImP ′ν(−i sinh(1/2))+ b ImQ′ν(−i sinh(1/2)))
= γ cosh
2(1/2)
2 sinh(1/2)
(− ImQν(−z0) ImP ′ν(z0) + ImPν(z0) ImQ′ν(−z0))
Im[Pν(z0)Qν(−z0)] = β.
It remains to prove that β = J (f ) < (3 − γ )/2. To see this, observe that for the function u(x) ≡ 1
we have
J (u) = 3 − γ
2
1∫
0
G(x)dx = 3 − γ
2
.
This concludes the proof. 
Example. There are several interesting special cases of Lemma 2. Taking ν = n ∈ N, the function
Pn is a polynomial of degree n containing only powers of the same parity as n,
Pn(z) = 1n
dn
n
(
z2 − 1)n,2 n! dz
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Qn(x) = Pn(x)2 log
(
1 + z
1 − z
)
+ gn−1(z),
where gn−1(z) is a polynomial of degree n − 1 containing only powers of the same parity as
n − 1 [16]. Taking n = 2k even, we obtain that P2k(ix) and Q′2k(ix), x ∈ R are real, and
that P ′2k(ix) and Q2k(ix) are purely imaginary. Note that ν = 2k corresponds to γ = 3/
(2k(2k+1)+1), so that
β = − 3 cosh
2(1/2)
2(2k(2k + 1) + 1) sinh(1/2)
ImP ′2k(z0)
P2k(z0)
, k = 1,2,3, . . . .
Similarly, for odd n, we obtain
β = 3 cosh
2(1/2)
2((2k + 1)(2k + 2) + 1) sinh(1/2)
ImQ′2k+1(−z0)
Q2k+1(−z0) , k = 0,1,2, . . . .
Specializing to k = 0, where P1(z) = z and g0(z) = −1, we obtain after some simplification that
β = 1
2
sinh(1/2) + arctan(sinh(1/2)) cosh2(1/2)
sinh(1/2) + arctan(sinh(1/2)) sinh2(1/2) ,
for γ = 1, which is the formula obtained in [21].
3. Main result
It is known [11,25] that for any initial profile u0 ∈ Hs(S), s > 3/2, there is a maxi-
mal time T = T (u0) > 0 such that Eq. (1.1) has a unique solution u ∈ C([0, T );Hs(S)) ∩
C1([0, T );Hs−1(S)). Furthermore, the energy
E(u) = 1
2
‖u‖2
S
= 1
2
∫
S
(
u2 + u2x
)
dx, t ∈ [0, T ),
is conserved and if T < ∞, then lim inft↑T minx∈S{ux(t, x)} = −∞.
We now present our blow-up result.
Theorem. Let α = √1/2 coth(1/2) and let β be defined by (2.3). Assume that the initial profile
u0 ∈ H 3(S) satisfies u′0(x0) < −C‖u0‖H 1(S) at some point x0 ∈ S, where C = C(γ ) is given by
C = α√(3 − γ − 2β)/γ . Then the solution to (1.1) with initial data u0 blows-up in finite time.
Proof. Let G be Green’s function for the operator (I − ∂2x ), given by (1.2). We denote by T > 0
the maximal existence time of the solution u to (1.1) with initial data u0 and introduce the func-
tion
m(t) := min
x∈S
{
ux(t, x)
}= ux(t, ξ(t)), t ∈ [0, T ),
where ξ(t) stands for one of the points where the minimum is attained. It is known that m is
locally Lipschitz on [0, T ) and therefore locally absolutely continuous (see [4]). Furthermore,
dm/dt = utx(t, ξ(t)) a.e. and uxx(t, ξ(t)) = 0.
Differentiating (1.3) with respect to x yields
utx + γ u2x + γ uuxx =
3 − γ
u2 + γ u2x − G ∗
[
3 − γ
u2 + γ u2x
]
.2 2 2 2
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dm
dt
+ γ
2
m2 = 3 − γ
2
u2
(
t, ξ(t)
)−
[
G ∗
(
3 − γ
2
u2 + γ
2
u2x
)](
t, ξ(t)
)
a.e. on [0, T ),
and thus, by Lemma 2,
dm
dt
 3 − γ − 2β
2
u2
(
t, ξ(t)
)− γ
2
m2(t) a.e. on [0, T ).
Using Lemma 1 and the conservation law E(u), we obtain
dm
dt
 3 − γ − 2β
2
α2‖u0‖2H 1(S) −
γ
2
m2(t)
= γ
2
(
C2‖u0‖2H 1(S) − m2(t)
)
a.e. on [0, T ). (3.1)
Note that m2(0) > C2‖u0‖2H 1(S). In view of (3.1) and the absolute continuity of m, this must
also hold for any t ∈ (0, T ). From (3.1) we then see that m is strictly decreasing on [0, T ).
Introducing the strictly increasing function z(t) = m(0) − m(t), we get
dz
dt
>
γ
2
(
m2(t) − m2(0))= γ z(t)(z(t) − 2m(0))
2
 γ z
2(t)
2
a.e. on [0, T ),
and z(0) = 0. Solutions of this strict inequality are well known to blow-up in finite time. This
concludes the proof. 
Since the same approach for proving blow-up is used in [25], with a larger constant β for the
inequality[
G ∗
(
3 − γ
2
u2 + γ
2
u2x
)]
(x) βu2(x), x ∈ S,
it is clear that the our theorem is an improvement. We conclude this note by giving a numerical
example to quantify this improvement.
Example. Taking γ = 3/7, so that ν = 2, we have P2(z) = 12 (3z2 − 1) and P ′2(z) = 3z. We thus
obtain
β = 9 cosh
2(1/2)
7(1 + 3 sinh2(1/2)) ,
and thus
C2 = 3 coth(1/2)
(
1 − cosh
2(1/2)
1 + 3 sinh2(1/2)
)
≈ 1.9.
For the same value of γ , the corresponding constant in [25] is
C2z = 2 coth(1/2) ≈ 4.3.
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